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CHARACTER VARIETIES, A-POLYNOMIALS, AND THE AJ 

CONJECTURE 

THANG T. Q. LE AND XINGRU ZHANG 


Abstract. We establish some facts about the behavior of the rational-geometric subvariety of 
the SL 2 {C) or PSL 2 {C) character variety of a hyperbolic knot manifold under the restriction 
map to the SL 2 {C) or PSL 2 {C) character variety of the boundary torus, and use the results to 
get some properties about the A-polynomials and to prove the AJ conjecture for certain class 
of knots in including in particular any 2-bridge knot over which the double branched cover 
of S® is a lens space of prime order. 


1. Introduction 

For a finitely generated group F, let R(T) denote the 5 L 2 (C)-representation variety of F, V(r) 
the S'L2(C)-character variety of F, and tr : ii(F)—)-A(F) the map which sends a representation 
p G R(r) to its character Xp S V(r). When F is the fundamental group of a connected manifold 
IF, we also write i?(IF), X{W) for R( 7 ri(IF)), A( 7 ri(IF)) respectively and call them the S'L2(C)- 
representation variety of IF and the S'L2(C)-character variety of IF. The counterparts of these 
notions when the target group SL2{C) is replaced by PSL2{C) are similarly defined and are 
denoted by i?(F), V(r), tr, p, Xpj R(W), A(IF) respectively. We refer to [CS] for basics about 
£'L2(C)-representation and character varieties and to [BZl] in PSL2{C) case. 

In this paper, a variety F is a closed complex affine algebraic set, i.e. a subset of C"" which is 
the zero locus of a set of polynomials in C[xi,..., Xr,\. If among the sets of polynomials which 
define the same variety V there is one whose elements all have rational coefficients, we say that 
V is defined over Q. Similarly a regular map between two varieties is said to be defined over Q 
if the map is given by a tuple of polynomials with coefficients in Q. Note that R{T), V(r), tr, 
i?(r), V(F), tr are all defined over Q. 

In this paper irreducible varieties will be called C-irreducible varieties. Recall that a variety is 
C-irreducible if it is not a union of two proper subvarieties. Any variety V can be presented as an 
irredundant union of C-irreducible subvarieties, each is called a C-component of V. Similarly, a 
variety defined over Q is Q-irreducible if it is not a union of two proper subvarieties defined over 
Q. Any variety V defined over Q can be presented as an irredundant union of Q-irreducible 
subvarieties, each is called a Q-component of V. In general a Q-component can be further 
decomposed into C-components. 
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If Ti and r2 are two finitely generated gronps and h : Fi—)-r2 is a group homomorphism, we use 
h* to denote the induced regular map from i2(r2), X(r2), -R(r2), or X(r2) to i?(ri), X(ri), 
i?(ri) or X(ri) respectively. Note that h* is defined over Q. 

Let M be a knot manifold, i.e. M is a connected compact orientable 3 -manifold whose boundary 
dM is a torus. Let l* be the regular map from R{M), X{M), R{M) or X{M) to R{dM), 
X{dM), R{dM) or X{dM) respectively, induced from the inclusion induced homomorphism 
i : 7 ri( 9 M)—)- 7 ri(M). 

We call a character Xp (or x-p) reducible or irreducible or discrete faithful or dihedral if the 
corresponding representation p (or p) has that property. 


1.1. Rational-geometric subvariety. Suppose M is a hyperbolic knot manifold, i.e. a knot 
manifold whose interior has a complete hyperbolic metric of hnite volume. There are precisely 
two discrete faithful characters in X{M) (which follows from the Mostow-Prasad rigidity) and 
there are precisely 2 |Ri(M;Z 2 )| discrete faithful characters in X{M) (which follows from a 
result of Thurston [CS, Proposition 3.1.1]). The rational-geometric subvariety X’^^[M) (respec¬ 
tively X^^(M)) is the union of Q-components of X{M) (respectively X{XI)) each of which 
contains a discrete faithful character. The number of Q-components of X^^(M) is at most 
|iLi(M;Z2)|, and X^^(M) is Q-irreducible (which will be explained in Section 2 ), but it is not 
known how many C-components that X'^^{M) (respectively X^^{M)) can possibly have. 

In this paper we show 

Theorem 1.1. Let M be a hyperbolic knot manifold. Let Xi,...,Xi be the C-components of 
X’^^(AI), and let Yj be the Zariski closure of i*{Xj) in X{dM), j = 1, ...,Z. 

(1) For eaeh j, Xj is a curve. 

(2) The regular map l* : Xj^Yj is a birational isomorphism for eaeh j = 1,..., 1. 

(3) If the two discrete faithful characters of X{M) are eontained in the same C-eomponent of 
X{M), then the curves Yj, j = 1, ...,l, are mutually distinct in X{dM). 


In 5 L 2 (C)-setting we have a similar result but we need some restriction on the knot manifold. 

Theorem 1.2. Suppose that M is a hyperbolic knot manifold which is the exterior of a knot in 
a homology 3-sphere. Let Xi,...,Xk be the C-components of X^^{M), and let Yj be the Zariski 
closure of L*{Xj) in X{dXI), j = l,...,k. 

(1) For each j, Xj is a curve. 

(2) The regular map l* : Xj^Yj is a birational isomorphism for each j = 1 ,..., k. 

(3) If the two discrete faithful characters of X(M) are eontained in the same C-eomponent of 
X[AI), then the curves Yj, j = 1, ...,k, are mutually distinct in X{dM). 

Remark 1.3. Although the condition “the two discrete faithful characters of X{M) are con¬ 
tained in the same C-component of X{My^ is hard to check, there is no known example of a 
hyperbolic knot exterior in for which this condition is not satisfied. 
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We give two applications of Theorem 1.2, one on estimating degrees of A-polynomials and one 
on proving the AJ conjecture for a certain class of knots, which is the main motivation of this 
paper. 


1.2. A-polynomial. When a knot manifold M is the exterior of a knot K va. a. homology 3- 
sphere W, we denote the A-polynomial of K in variables and £ by Ak,w( 3115 -2), as defined in 
[CCGLS]. When W = , we simply write Ak( 2H, £) for AK,53(9Jt, £). Note that Ak ,w(OT,£) G 

Z[2Jl, £] has no repeated factors and always contains the factor £ — 1. Let the non-abelian 
A-polynomial be defined by 


Ak,w(®1) 2) 


Ak,w(9115 2) 
£- 1 


We call the maximum power of M (respectively of £) in Ak,w( 311)2) the OT-degree (respectively 
the £-degree) of Ak,w(®1)2). 

When M is a finite volume hyperbolic 3-manifold, the trace field of M is defined to be the field 
generated by the values of a discrete faithful character of M over the base field Q. It is known 
that the trace field of M is a number field, i.e. a finite degree extension of Q, with the extension 
degree at least two. 

Theorem 1.4. Suppose that M is a hyperbolic knot manifold which is the exterior of a knot 
K in a homology 3-sphere W. Let d be the extension degree of the trace field of M over Q. If 
the two discrete faithful characters of X{M) are contained in the same C-component of X{M), 
then both the M-degree and the 2-degree of Ak,w{^X) o,re at least d. In particular both the 
M-degree and the 2-degree of AK,w{ltl, 2) at least 2. 


1.3. AJ conjecture. Suppose M is the exterior of a knot in a homology 3-sphere. All the 
reducible characters in X{M) (resp. X[M)) form a unique C-component of X{M) (resp. 
X{M)), which we denote by (resp. X'^^^{M)). We use A'^^(M) (resp. X^’^’^{M)) to 

denote the union of the rest of the C-components of X{M) (resp. X{M)). We caution that 
our definition of X"'^[M) (resp. X^^^{M)) may not be the exact complement of A'’®‘^(M) (resp. 
A'^'^^(M)) in A(M) (resp. X{M)) and it may still contain finitely many reducible characters. 
All X'^^^{M),X^^^{M),X"'''^{M),X''\M) are varieties defined over Q. 

For a knot K in 5^, its recurrence polynomial aK{t, 9K, £) G 9JI, £] is derived from the colored 
Jones polynomials of K, see [G, GL, Le2]. The AJ-conjecture raised in [G] (see also [FGL]) 
anticipates a striking relation between the colored Jones polynomials of K and the A-polynomial 
of K. It states that for every knot K C 5^, aY^{\,M,2) is equal to the A-polynomial Ak(1OT, £) 
of K, up to a factor depending on TX only. The following theorem generalizes [LT, Theorem 1] 
and is the main result of this paper (see Section 4 for detailed definitions of terms mentioned 
here and for more background description). 

Theorem 1.5. Let K be a knot in whose exterior M is hyperbolic. Suppose the following 
conditions are satisfied: 

(1) X^^^(M) = X'^^{M) and the two discrete faithful characters of X(M) are contained in the 
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same C-component of X{M), 

(2) the 2,-degree of the recurrence polynomial aK{t,M, 2) of K is larger than one, 

(3) the localized skein module S of M is finitely generated. 

Then the A J-conjecture holds for K. 

In [LT, Theorem 1], it is required that = X'^^{M) and both are C-irreducible, which 

is obviously stronger than our condition (1) of Theorem 1.5. In general, irreducibility over C is 
difficult to check. We also remove the condition required in [LT, Theorem 1] that the universal 
iS'L 2 -character ring of M is reduced. 

It was known that condition (2) of Theorem 1.5 is satisfied by any nontrivial adequate knot (in 
particular any nontrivial alternating knot) in (see [Le2]) and condition (3) of Theorem 1.5 
is satisfied by all 2-bridge knots (see [Le2]) and all pretzel knots of the form (—2,3, 2n + 1) (see 
[LT]). Concerning condition (1) of Theorem 1.5, we have the following. 

Theorem 1.6. Let K be a 2-bridge knot in with a hyperbolic exterior M. 

(1) The two discrete faithful characters of X{M) are contained in the same C-component of 
X{M), 

(2) All the four discrete faithful SL 2 {C)-characters are contained in the same C-component of 
X{M), and X^^{M) is irreducible over Q. 

Therefore we have the following corollary which generalizes [LT, Theorem 2 (b)]. 

Corollary 1.7. Let K be a 2-bridge knot in with a hyperbolic exterior M. If X^^^{M) = 
X^^{M), then the AJ-conjecture holds for K. 

Note that a two-bridge knot has hyperbolic exterior if and only if it is not a torus knot, and 
for all torus knots the AJ conjecture is known to hold [Hi, Tr]. 

Since X^^{M) C X^^^{M) and X^^{M) is defined over Q, if X^^^{M) is Q-irreducible, then 
X'^^{M) = A‘'’’’(M). For a two-bridge knot, the variety X^^^{M) is the zero locus of the Riley 
polynomial which is a polynomial in two variable, see [Ri]. Hence, we have the following. 

Corollary 1.8. Let K be a 2-bridge knot in S^. If A*"(M) is Q-irreducible, or if the Riley 
polynomial of K is irreducible over Q, then the AJ conjecture holds for K. 

In [LT, Section Al] it was proved that the Riley polynomial of the two bridge knot b{p,q) is 
Q-irreducible if p is a prime. Here we use the notation of [BuZ] for two bridge knots: b{p, q) is 
the two bridge knot such that the double branched covering of along b{p, q) is the lens space 
L{p,q). Note that both p,q are odd numbers, co-prime with each other, and 1 < q < p — 2, 
and b(p, q) is hyperbolic if and only if g / 1. When q = 1, b{p, 1) is a torus knot, and the AJ 
conjecture for it holds. Thus we have 

Corollary 1.9. The AJ conjecture holds for all two bridge knots b{p,q) with odd prime p. 

Plan of paper. In §2, we prove Theorems 1.1, 1.2 and 1.4. The proof of Theorem 1.1 
applies the theory of volumes of representations developed in [H], [CCGLS], [D], [F], plus the 
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consideration of the ^Mt(C)-action on varieties. Theorem 1.2 follows quickly from Theorem 1.1 
under the consideration of the Z 2 )-action on X{M). Theorem 1.4 follows from Theorem 

1.2 together with the fact observed in [SZ] that the {Aut{C) x Z 2 ))-orbit of a discrete 

faithful <S'L 2 (C)-character of X{M), which of course is contained in X''®(M), contains at least 
2d elements. §2 also contains some related results, notably Theorem 2.4 which is a refinement of 
Theorem 1.1, and Proposition 2.7 which gives a property of A-polynomial that will be applied 
in the proof of Theorem 1.5 in §4 (see also Remark 2.8). To prove our main result Theorem 1.5 
we need to first prepare some properties concerning the representation schemes and character 
schemes of knot manifolds in §3. In §4, we illustrate how the approach of [LT] can be applied 
to reduce Theorem 1.5 to Proposition 4.1. This proposition will then be proved in §5, where 
Theorem 1.2 and results from §3 are applied. In last section, we prove Theorem 1.6 which follows 
easily from results in [T, Section 5] and a result of [BZ3], concerning dihedral characters. 

Acknowledgements. We would like to thank Stefano Francaviglia, Tomotada Ohtsuki, Adam 
Sikora, Anh Tran for helpful discussions, and especially Joan Porti for providing the proof of 
Proposition 3.4. 


2. Proofs of Theorems 1.1, 1.2 and 1.4 

2.1. Preliminaries. Let Aut(C) denote the group of all held automorphisms of the complex 
held C. Let r G Aut(C) denote the complex conjugation. 

Each element (p G Aut(C) extends to a unique ring automorphism of the ring C[xi,..., by 
4>{xi) = Xi for i = 1,... ,n. Each element (p G Aut(C) acts naturally on the complex affine 
space C” coordinate-wise by 


) ■■■1 On) •— 0(®n))• 

As a ring automorphism, cp maps an ideal of C[xi,...,Xn] to an ideal, a primary ideal to a 
primary ideal and a prime ideal to a prime ideal. If / C C[xi, ...,Xn] is an ideal dehned over 
Q, i.e. I is generated by elements in Z[xi,..., x^], then (p{I) = I. If V{I) C C” is the zero 
locus dehned by an ideal I C C[xi, ...,Xn], then (p{V{I)) = V{(p{I)). We call <p{V{I)) a Galois 
conjugate of V{I). As a map from C” to itself, (p maps a variety to a variety, an irreducible 
variety to an irreducible variety preserving its dimension. Furthermore if R is a variety dehned 
over Q, then for any C-component R of V, the Aut(C)-orbit of R is the Q-component of V 
containing R. In particular if R is Q-irreducible, then its C-components are the Aut(C)-orbit 
of one of them and thus all have the same dimension, (cf. [BZ2, Section 5]). 

A variety is 1-equidimensional if every its C-component has dimension 1. A rational map 
/ : Ri —>• R 2 between two 1-equidimensional varieties is said to have degree d of there is an 
open dense subset R 2 C R 2 such that f~^{V 2 ) is dense in Ri and f~^{x) has exactly d elements 
for each x G Rk When Ri,R are C-irreducible, this dehnition is the same as the well-known 
dehnition of a degree d map in algebraic geometry [S]. It is known that a rational map between 
two C-irreducible varieties is birational if and only if it has degree 1. 
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2.2. Proof of Theorem 1.1. By Mostow-Prasad rigidity, X{M) has two discrete faithful char¬ 
acters, which are related by the r-action. Let Xo be one of the two discrete faithful characters, 
then t{xo) is the other one. By [P, Corollary 3.28] (which is also valid in PS'L 2 (C)-setting), 
each of Xo and r(xo) is a smooth point of X{M). In particular each of them is contained in a 
unique C-component of X(M), which has dimension 1 (a curve) by a result of Thurston (see 
[CGLS, Proposition 1.1.1]). 

We may assume that Wi is the C-component of X{M) which contains Xo- It follows obviously 
that X^^{M) (whose definition is given in Section 1) is the Aut(C)-orbit of Xi, and thus is 
irreducible over Q. Furthermore each C-component of X^^{M) is a curve. Hence we have 
proved part (1) of Theorem 1.1 

By [D, Theorem 3.1], l* : Xi^Yi is a birational isomorphism. For each j = 2, ...,/, there 
is € Aut(C) such that Xj = (j)j{Xi). Since t* is defined over Q, we have the following 
commutative diagram of maps: 

— i* — 

Ai-^ Hi 



As (pj is a bijection and l* : Xi^Y i is a degree one map, l* : Xj^Yj is a degree one map and 
thus is a birational isomorphism for each j. This proves part (2) of Theorem 1.1. 

Now we proceed to prove part (3) of Theorem 1.1. By our assumption, both Xo and r(xo) are 
contained in Xi. 

Proposition 2.1. For each j = 2, Yj and Yi are two distinct curves. 

Proof. Suppose otherwise that Yi = Yj for some j > 2. We will get a contradiction from this 
assumption. The argument goes by applying the theory of volumes of representations. 

We hrst recall some of the results from [D] concerning volumes of representations. For any 
(connected) closed 3-manifold W and any representation p S X(W), the volume v{'p) of p is 
defined, and if in addition p is irreducible, the volume function v descends down to dehned on 
Xp so that v{xp) = v{'p). What’s important in this theory is the Gromov-Thurston-Goldman 
Volume Rigidity (proved in [D] as Theorem 6.1), which states that when W is a closed hyperbolic 
3-manifold and X G X{W) is an irreducible character, then |u(x)| = vol{W) iff x is a discrete 
faithful character. For a hyperbolic knot manifold M, the volume function v is well defined, in 
our current notation, for each PSL 2 (C)-representation p of 7ri(M) whose character Xp lies in 
Xi ([D, Lemma 2.5.2]). Similarly if Xp G Xi is an irreducible character, then u(xp) = viji). So 
V is defined at all but finitely many points of Xi. Furthermore if Yi is a normalization of Vi 
and fi : Yi^Y^ a birational isomorphism, then the volume function v factors through Yi in 
the sense that there is a function vi : >-M such that if Xp G Xi is an irreducible character 

and if /i is defined at L*{xp), then 


v{xp) = viifi{t*{xp))). 
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That is, we have the following commutative diagram of maps (at points where all maps are 
defined): 



This is [D, Theorem 2.6]. Moreover if Xp S is an irreducible character such that p factors 
through the fundamental group of a Dehn filling M^j) of M for some slope 7 on dM, then the 
volume of p with respect to M is equal to the volume of p with respect to the closed manifold 
M( 7 ) ([D, Lemma 2.5.4]). We note that in the above cited results of [D] the volume v{p) is 
the absolute value of the integral over M (or M('y)) of certain 3-form associated to p but all 
these results remain valid when v{p) is defined to be the mentioned integral without taking 
the absolute value. It is this latter version of volume function that we are using here and 
subsequently. 

In [F], [D, Lemma 2.5.2] is generalized and it is showed there that the volume function v is 
well defined at every P£'L 2 (C)-representation of a finite volume hyperbolic 3-manifold, and also 
in [F] the volume rigidity is extended to all hyperbolic link manifolds, which states that the 
volume of a representation of a hyperbolic link manifold attains its maximal value in absolute 
value precisely when the representation is discrete faithful and the maximal value in absolute 
value is the volume of the hyperbolic link manifold. That means that in our current case, 
the volume function v is defined at any irreducible character of X{M) without the restriction 
that the character lies in a C-component of X{M) which contains a discrete faithful character. 
We should also note that the definition of the volume of a representation defined in [F] is 
consistent with that dehned in [D] in case of a knot manifold. More specifically for a knot 
manifold M and a representation p £ R{M), the volume vol{p) of p is defined through a so 
called pseudodeveloping map for p which is defined in [D] and the independence of vol (p) from 
the choice of the pseudodeveloping map is proved in [D] when xp is contained in a C-component 
of X{M) which contains a discrete faithful character and proved in [F] without any restriction. 
One can then check that the results of [D] which we recalled in the preceding paragraph can be 
extended to the following theorem. 

Theorem 2.2. (1) IfV'^ is a normalization ofYj and fj : Yis a birational isomorphism, 
then there is a function Vj : tJ—)-M which makes the following diagram of maps commutes (at 
points where all the maps are defined): 



(2) If X ^ X{M) is an irreducible character which factors through a Dehn filling M{x), i.e. 
X £ X{M{'y)), then the volume of x with respect to M is the same volume with respect to 
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M{'y). If in addition that M{'y) is hyperbolic, then |f(x)| = vol{M{'y)) iff x is a discrete faithful 
character of M{'y). 

(3) For any irreducible character x S |'i'(x)| < vol{M), and the equality attains exactly 

at the two discrete faithful characters of M. 

Remark 2.3. For the proof of part (1) of the theorem, following that of [D, Theorem 2.6], one 
needs the property that the curve Xj C X{M) lifts to a curve in X(M). But that follows from 
the fact that Xi lifts (by Thurston) to a curve in X{M), say Xi, and then 4>j{Xi) is a lift of 

X, =0,(Xi). 


We now continue to prove Proposition 2.1. Take a sequence of distinct slopes { 7 ^} in dM, and 
let XI{'Xk) be the closed 3-manifold obtained by Dehn filling M with the slope Xk- By Thurston’s 
hyperbolic Dehn filling Theorem, we may assume that M{xk) is hyperbolic and that the core 
circle of the filling solid torus is a geodesic, for each k. Note that X{M{xk)) C X{M) for each k. 
Also for each k, X{M{xk)) contains precisely two discrete faithful characters, which we denote 
by Xk nnd rfxk)- Again by Thurston’s hyperbolic Dehn filling theorem, we may assume that 
Xk~^Xo ill X{M) with respect to the classical topology of X{M), up to replacing Xk by T{Xk) 
for some fc’s. It follows that Xk is contained in Ai for all sufficiently large k. 

Note that for any irreducible character x S v{x) = —v{t{x)) (see, e.g. [F, Proposition 

4.16]). Without loss of generality we may assume that u(xo) = vol{M) > 0 and so u(r(xo)) = 
—vol{M). It follows that vfxk) = vol{M{xk)) > 0 and v{T{xk)) = —vol{M{xk)) < 0, at least 
for all sufficiently large k. 

As Xo 'i‘(xo) smooth points of X{M), it follows that t{Xi) = Xi and that T(xfe) 
approaches r(xo) as k^oo since r is a continuous map. Therefore Xi is the only C-component 
of X(M) which contains Xk and T(xfc) for all sufficiently large k. 

Since Yi = Yj and the map l* : Xj^Yi is an almost onto map, there are two sequences of 
points {x'J and {x*} in Xj such that P(xfc) = i*{xk) and P(xfc) = i*(r(xfc)) for almost all k. 
We may also assume that x'k and Xk are irreducible for almost all k since there are at most 
finitely many reducible characters in Xj. 

Let Yi be a normalization of Yi, and let fi : Yi^Y^ be a birational isomorphism. As /i is 
defined on Ti except for possibly finitely many points, we may assume that /i is well defined 
at P(xfc) = i'*{Xk) and P(xL') = F{T{xk)) for all large k. 

Let vi and Vj be the functions on Y^ provided by part (1) of Theorem 2.2 with respect to the 
map fi : Yi^Yi. Note that away from a finitely many points in Yi, ui o fi and Vj o fi are 
smooth functions and have the same differential, up to sign. (cf. the proof of [D, Theorem 2.6] 
for this assertion. Briefly, on (C^)^ there is a real valued 1-form: 

00 = —^(log \2\d arg{Dyi) — log \9n\d arg{sf)) 

which is defined in [CCGLS]. This 1-from is invariant under the involutions cr and e| on (C^)^ 
defined in Subsection 2.5 and thus descends to a 1-form oo' on X{dM). For each j, d{vj o fj) is 
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equal to the restriction of uj' over an open dense subset of Yj, up to sign.) It follows that 

Vj o /i = (5(ui o /i) + c 

for some b £ {1,-1} and some constant c, in the complement of finitely many points in Yi. Let 
\J denote this complement. Then we may assume that i*(xfc) = >'*{Xk) i*{xk) = iXk)) 
are contained in U for all large k. 

Hence 

vix'k) = Vjifi{i'*{x'k))) = Svi{fi{t-*{Xk))) + c = 6v{xk) + C 

and 

'uix'D = Vjifi{i*{xk))) = <J^i(/i(''*('r(xJ))) + c = bv{T{xk)) + c. 

So 

vix'k) - v{xk) = ^[v{Xk) - v{T{xk))] = = b2vol{M{'yk)) 

and thus 

b(xfc)l + \v{Xk)\ > ‘2vol{M{-fk)) 

for sufficiently large k. Because i*{%) = i*{xk) and i*ixk) = i'*{rixk)), % and xL' are both 
characters of X[M{'Xk))- To see this in detail, let 'pk^'p'k ^ R{M) be representations with Xk and 
xj, as characters respectively. Note that pfc is a discrete faithful representation of 7ri(M(7fc)) 
and so 'Pki'Jk) = 1- Let % be a simple essential loop in dM such that { 7 ^,%} form a basis 
of TTi{dM). Then r]k is isotopic in M{'yk) to the core circle of the filling solid torus in forming 
M{'yk) from M. As we have assumed that the core circle is a geodesic in the hyperbolic 3- 
manifold M( 7 fc), 'Pk{rik) is a hyperbolic element of PSL 2 {C). In particular its trace square is 
not equal to 4. Now since x'ki'jk) = Xkilk) and tkiVk) = Xki^lk), Pkilk) is a parabolic element or 
the identity element and p'^ivk) is a hyperbolic element of PSL 2 {C). But these two elements 
commute, p'^ilk) has to be the identity element. Hence x'j, G X{M{'Xk))- Similarly one can show 
that Xk G ^{^{ik))- But neither x'k Xk is a discrete faithful character of X{M{'Xk)) by 
our construction, we get a contradiction with the volume rigidity theorem for closed hyperbolic 
3-manifolds. <C> 

To finish the proof of Theorem 1.1 (3), we jus need to show that Yj, j > 2 are mutually distinct. 
Suppose that Y = Y for some ji,j 2 > 2. There is (/> G Aut(C) such that 4>{Xj^) = Xi. As 
(j) commutes with i*, (piYj^) = Yi. We also have (p{Yj^) = (p(Y= Yi. So by Proposition 
2.1, (p{Xj^) = Xi as well. Hence Xj-^ = Xj^, i.e. ji = j 2 - 

2.3. A refinement of Theorem 1.1. Let M be a hyperbolic knot manifold. Suppose Ai,..., 
are all C-components of A(M) and Yj is the Zariski closure of i*{Xj) in X{dM) for i = 1,..., A;. 
It is known that Y j has dimension either 1 or 0. 

In proving Yj 7 ^ Ti in the previous subsection, the fact that Xj is in the Aut(C)-orbit of Ai 
is used only to show that Xj lifts to A(M) (see Remark 2.3). When M is a hyperbolic knot 
manifold which is the exterior of a knot in a homology 3-sphere, every PS'L 2 (C)-representation 
of 7 ri(M) lifts to a S'L 2 -representation. Hence, the proof of part (3) of Theorem 1.1 also proves 
the following. 


CHARACTER VARIETIES, AJ CONJECTURE 


10 


Theorem 2.4. Let M be a hyperbolic knot manifold which is the exterior of a knot in a homology 
3-sphere. Let Xi, ... ,Xk be the C-components of the PSL 2 -character varieties X[M), and Yj 
be the Zariski closure of i*{Xj), j = l,...,k. Suppose the two discrete faithful characters of 
X{M) are contained in Xi. Then Y j for all j >2. 


2.4. Proof of Theorem 1.2. Let (/i, A) be the standard meridian-longitude basis for vri [dM) C 
7 ri(M). Let Z 2 = {1,-1}. Since Z 2 ) = Z 2 , there is a unique non-trivial group homo¬ 

morphism £ : 'K\{M) —>• Z 2 . One has e(/i) = —1 and e(A) = 1. The homomorphism e induces 
an involution e* on R{M) and on X{M), defined by £*{p){'y) = 6 ( 7 )/o( 7 ) for p £ R{M) and 
e*(xp) = Xe*(p) for Xp £ X{M). 

Obviously e* is a bijective regular involution on X(M), and it is defined over Q. The quotient 
space of X{M) by this involution gives rise a regular map from X{M) into X{M) . Let 
$ : S'L 2 (C)—?-P 5 L 2 (C) be the canonical quotient homomorphism. Then is exactly the map 
induced by 4>. 


On the other hand, since Lfi(M;Z 2 ) = Z 2 , every PS'L 2 (C)-representation p of M lifts to a 
SL 2 {C) representation p of M in the sense that p = $ o p (cf. e.g. [BZl, Page 756]). Hence <1>* 
is an onto map on X{M). 


Similarly if ei : 7 ri( 5 M)—)-Z 2 = {1,-1} is the homomorphism defined by ei{p) = —1 and 
ei(A) = 1, it induces an involution on X{dM). Let <1;>^ be the corresponding quotient map 
from X{dM) into X{dM). Then <1>^ is also a regular and surjective map. We have the following 
commutative diagrams of regular maps; 


X{M) 

(2.4.1) 4>* 

X{M) 

and the upper l* satisfies the identity 


X{dM) 

X{dM) 


(2.4.2) 


Cl o L* = i o e '. 


In particular we have 


(2.4.3) 


X^g(M) -- Y 


X"®(M) — 


Y. 


where Y is the Zariski closure of i*{X^^{M)) and Y is the Zariski closure of i*{X^^{M)). All 
the varieties in Diagram (2.4.3) are 1-equidimensional. Each of 4>* and <I>* is a degree 2 map, 
while the lower l* has degree 1 by Theorem 1.1. It follows that there are an open dense subset 
{X^^y of X'^^{M) and an open dense subset y' of Y such that the restriction l* : (X''®)' —)• y' 
is a bijection and for every x £ (Ai'^®)' and y £ y' (‘h*)“^(a:) has exactly two distinct elements 
and so does (4>];)“^(y). Besides, (A’’®)' := (<I)*)“^((A’^®)') is open dense in X'^^{M) and Y' = 
((j)*)-i(y') is open dense in Y. Suppose x £ (A"^®)', y = l*{x), {xi,a: 2 } = (4>*)“^(x), and 
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{yi,y 2 } = The commutativity of the above diagram means i*{xi) is one of yi,y 2 , 

say = yi- Then the identity (2.4.2) implies i*{x 2 ) = 2 / 2 - This shows that i* is a bijection 

from the open dense subset (X'’®)' of X^^{M) onto the open dense subset Y' of Y. Hence, 
L* : X’'s(M)—>-y is a degree one map. Now Theorem 1.2 follows from Theorem 1.1. 

Remark 2.5. Let M be a hyperbolic knot manifold which is the exterior of a knot in a homology 
3-sphere. We saw in the above proof that is surjective on X{M). Since (^*)~^(X^^^(M)) = 
and {^*)~^{X^^(M)) = X^^{M), we conclude that X"^^{M) = X'^^{M) if and only in 
X”(M) = X'^{M). 

2.5. H-polynomial and its symmetry. We briefly recall the definition of the H-polynomial 
for a knot iL in a homology 3-sphere W, as defined in [CCGLS]. Let M be the exterior of K 
and let A} be the standard meridian-longitude basis for 7 ri( 9 M). 

Let = C \ {0} and a : (C^)^ —)• (C^)^ be the involution defined by (j(aR,£) = 

We can identify X{dM) with (C^)^/cj as follows. For (OT, £) £ (C^)^ let X{mX) ^ X{dM) be 
the character of the representation 

p:-Ki{dM) ^ SL2{C), p(/i) = ^ ^ = 

Then the map (9)1, £) —)• X{^X) descends to an isomorphism from (C^)^/(J onto X{dM), which 
we use to identify (C^)^/cr with X{dM). Let pr^. : (C^)^ ^ (C^)^/cr = X{dM) be the natural 
projection. 

Let ej : (C^)^ —(C^)^ be the involution defined by el{Tl,£.) = (—9Jt,£). Then el commutes 
with cj and descends to an involution of (C^)^/cj, which coincides with the e| of Section 2.4. 
Thus, we can identify X{dM) with {{C^Y/a)/el = (C^)^/((T,e^), and with the natural 
projection (C^)^/(T —)■ (C^)^/((T, e|). Here (cr, ej) = Z 2 x Z 2 is the group generated by a and 
e*. Let pr : (C^)^ —(C^)^/((t, ej;) be the natural projection. 

The involution a naturally induces an algebra involution, also denoted by u, acting on the 
algebra £=*=^]. That is, iT(P)(ak,£) = P(9R“^,£“^) for P £ C[9Jt=*=,£^^]. A polynomial 

P £ C[9Jl, £] is said to be balanced if cr{P) = 6 m‘^£,^P for certain 6 £ {—1,1} and a,b For 
any subring TZ C C[9Jt, £], we say that P £ C[9J1, £] is balanced-irreducible inTZ if P € TZ and P 
is balanced but is not the product of two non-constant balanced polynomials in 7Z. 

Suppose Z C X{dM) is 1-equidimensional variety. The Zariski closure Z of pr“^(Z) in is a 
1-equidimensional variety. The ideal of all polynomials in C [9Jl, £] vanishing on Z is principal, 
and is generated by a polynomial Pz £ C[9Jt, £], defined up to a non-zero constant factor. The 
u-invariance of pr“^(Z) implies that Pz is balanced. If Z is C-irreducible, then Pz is balanced- 
irreducible in C[9J1, £]. If Z is defined over Q, then one can choose Pz £ Z[m, £] and it is defined 
up to sign. If Z is Q-irreducible, then Pz is balanced-irreducible in Z[9R, £]. 

Similarly, suppose Z C X{dM) is 1-equidimensional variety, one defines P-^ £ C[9Jl, £] as the 
generator of the ideal of all polynomials in C[9Jl, £] vanishing on pr“^(Z). The (<7, ej)-invariance 
of pr“^(Z) implies that P-^ is balanced and belongs to C[9Jl^,£]. If Z is C-irreducible, then P-^ 
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is balanced-irreducible in C[9Jl^,£]. If Z is defined over Q, then one can choose P-^ G 
and it is defined up to sign. If Z is Q-irreducible, then P-^ is balanced-irreducible in 

Now let Z be the union of all one-dimensional C-components of the Zariksi closure of i*{X{M)) 
m.X{dM) = / {a,e\). It is known that Z is defined over Q. The polynomial G £] 

is the y4-polynomial 74 k,w(2 ^) ■2)- If ^ is the union of all one-dimensional C-components of the 
Zariaski closure of i*{X{M)) in X{dM). Then Z = (<I>*)“^(Z). Thus Pz = Pg" i® 
polynomial. 

Remark 2.6. To define the A-polynomial one just needs to consider in SL 2 {C)- 

setting, i.e. in terms of Pz, as how it’s done in [CCGLS]. For our purpose (e.g. for a 
convenience in proving Proposition 2.7) we also present the same A-polynomial from PSL 2 {C) 
point of view, i.e. in terms of P-^. 


2.6. Proof of Theorem 1.4. Since M is the exterior of a knot P in a homology 3-sphere, 
its trace field is equal to its invariant trace field. Let xo be a discrete faithful character of 
X{M). It is proved in [SZ] that the Aut(C)-orbit of yo has d distinct elements, which we denote 
by Xi, i = 0 , 1 ,...,d — 1 , and e*{xi), i = 0,1,....,d — 1 , is another set of d distinct elements, 
which is disjoint from the former set. These 2d characters are obviously contained in X'^^{M). 
Furthermore they are irreducible faithful characters whose values on elements of TTi(dM) are 2 
or — 2 . 

For 7 G let f-/ be the regular function on X{M) defined by f-f{xp) = [fTace(/>( 7 ))]^ — 4. 

Then by the discussion above, for each peripheral element 7 G TTi{dM), f-^ has at least 2d zero 
points: XiX*{xi), i = 0, ...,d - 1. 

Now let Xi, ...,Xi be the C-components of X'^^{M). By [BZ2, Section 5], f-^ is non-constant on 
each Xj for every nontrivial element 7 G irfidM) and the degree of f-f on Xj remains the same 
for j = 1,..., L It is shown in [SZ] that 

i 

( 2 . 6 . 1 ) ^ degree{f-^)\;^, > 2d. 

j=i 

Perhaps we need to note that degree{f-^)\^, is equal to the Culler-Shalen norm of 7 G 7Ti{dM) 
defined by the curve Xj, and the inequality (2.6.1) is given in [SZ] in terms the Culler-Shalen 
norm. 


Let Pj = Pyj G C[9k, £] (see the definition of Pz in Subsection 2.5), where Yj is the Zariski 
closure of t*{Xj). Theorem 1.2 part (2) and [BZ2, Proposition 6 . 6 ] together imply that the 


9JI-degree of Pj{ 7 F,£.) is equal to 


-degreeifx) 


Xj 


and the £-degree of Pj(f 0 l,£,) is equal to 


-degreeiff,) 


. We note at this point that although the definition of A-polynomial defined in 


Xi 


[BZ2] is a bit different from that given in [CCGLS], when the degree of the map F\xj is one 
the factor Pj{Tl,£.) contributed by Xj is the same polynomial either as defined in [CCGLS] or 
as defined in [BZ2]. Since we do have that t*\xj is a degree one map, [BZ2, Proposition 6 . 6 ] 
applies. 
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Moreover it follows from Theorem 1.2 part (3) that all factors Pj{M, £), j = 1, I, are mutually 
distinct. Hence the 9}l-degree and the £-degree of Hk,w(S! 11)-C) are larger than or equal to 


‘ 1 ‘ 

^ -degree{fx) and ^ -degree{f^ 

j = \ ^ T ^ = 1 


i=i 


respectively, which are bigger than or equal to 


A, 


d by (2.6.1). This completes the proof of Theorem 1.4. 


2.7. H-polynomial and balanced-irreduciblity. The following will be used in the proof of 
Theorem 1.5. 

Proposition 2.7. Suppose that M is a hyperbolic knot manifold which is the exterior of a 
knot K in a homology 3-sphere W. Assume that the two discrete faithful characters are in the 
same C-component of the PSL 2 {C)-character varietiy X[M) and = X^^{M). Then 

the non-abelian A-polynomial Ax,wi^, non-constant, does not contain any DJl-factor or 
2,-factor, and is balanced-irreducible in Z[aK^,£]. 


Here an OT-factor (resp. £-factor) means a non-constant element of Z[9Jt] (resp. Z[£]). 

Proof. Let Y be the Zariski closure of in X[dM). Since X is Q-irreducible, it follows 

from Theorem 1.1 that Y is Q-irreducible. Therefore Py is balanced-irreducible in Z[9JI^,£] 
(see Section 2.5). When X"^'^{M) = X'^^{M), Py is the whole Hk,w(® 1)'C)- Hence Hk,w(® 1)'C) 
is balanced-irreducible in Z[9}1^,£]. 

Let Xi,... ,Xi be the C-components of X^^{M). As pointed out in the proof of Theorem 1.4, 
for j = 1,...,/, both of the OT-degree and the £-degree of Pxj{tSi,2) are positive. As Pxj is 
balanced-irreducible, it follows that Pxj cannot contain any 9Jl-factor or £-factor. In particular 
Pxj{^,2) / £ — 1. Hence X^^{M) contributes the factor Ak,w(®1)-2) = A]^yf{dR, 2)/{2 — 1) 
which is a non-constant and does not contain any 9Jt-factor or £-factor. 

Remark 2.8. The above proof, combined with Theorem 2.4, actually yields the following 
stronger statement. Suppose M is a hyperbolic knot manifold which is the exterior of a knot K 
in a homology sphere W such that the two PSL 2 {C) discrete faithful characters are contained 
in the same C-component of X{M). Then Ak,w{^-, -2) is balanced-irreducible in £] if and 

only if A’’® contains every C-component of X{M) whose image under l* : X{M) —)• X(dM) is 
one dimensional. 


3. Representation schemes and character schemes 

3.1. Reduced and essentially reduced schemes. Concerning the proof of Theorem 1.5, we 
need to consider the scheme counterparts of the SL 2 {C) representation variety and character 
variety of a group T. Let’s first prepare some facts about an affine scheme Spec(i?) for a ring 
R of the form i? = C[xi, ...,Xn]/I where / is a proper ideal of C[a:i, ...,x„]. The ideal I admits 
an irredundant primary decomposition, i.e. 

m 

^ ~ (~]Qj 

1=1 
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for some positive integer m such that each Qj is a primary ideal and ^/Qi / for i ^ j. 

The radical Pj = is a prime ideal. Recall that Qj is called an isolated component of I if 
Pj is minimum in the inclusion relation among Pi, ■■■, Pm, and if Qj is not isolated, it is called 
an embedded component of I. The set {Pi, Pm} is uniquely determined by I, as well as the 
set of all isolated components Qj of L We may assume that Qj, j = are the isolated 

components of I. 

Let V{I) C C"" be the zero locus of an ideal I C C[xi, ...,Xn], which is a variety. Note that 
V{I) = The coordinate ring C[R] oi V = V{I) is given by C[R] = C[xi,..., Xn]/\/7 

which is also equal to the quotient ring of P = C[xi,..., x^]// divided by its nilradical (0), 

i.e. 

C[R] = p/TM. 

The variety V = V{I) can be naturally identified with the set of closed points of the scheme 
Spec(P). The zero loci Vj = V(Qj) = V(Pj), j = 1,..., k, are all irreducible C-components of V. 
Let Rj = C[xi,..., Xn]/Qj, j = 1,..., k. Then Spec(Pj), for each j = 1,..., /c, is an irreducible 
component of Spec(P), called the component corresponding to Vj. 

Recall that a ring is called reduced if it does not contain any non-zero nilpotent elements. For 
the ring P above, it is reduced if and only if / = y/l. Similarly the ring Rj is reduced if and 
only if Qj = \f^j = Pj (or equivalently Rj is an integral domain). If all Rj, j = 1, ...,k, are 
reduced (i.e. Qj = Pj for all isolated components of I), we call the ring P essentially reduced. 
Correspondingly we call an affine scheme Spec(P) reduced if its defining ring P is reduced, and 
call it essentially reduced if each irreducible component Spec(Pj) of Spec(P) is reduced. 

Let m € Spec(P) be a closed point, which we shall also identify with a maximal ideal of P as 
well as with a point in V. Let rm(Spec(P)) denote the Zariski tangent space of the scheme 
Spec(P) at the point m and let Pm be the localization of P at the maximal ideal m. Note that 
Pm is a local ring and is the stalk of the scheme Spec(P) at the point m. If the dimension of 
Tm(Spec(P)) is equal to the (Krull) dimension of the local ring Pm, then m is a smooth point 
of the scheme Spec(P) (called a regular point or a simple point in some textbooks), and the 
following conclusions follow: m is contained in a unique irreducible component of Spec(P), say 
Spec(Pj), Pm = (Pj)m is an integral domain, which implies that Rj is an integral domain and 
thus Rj is reduced and Qj = Pj (see e.g. [M] [S]). We summarize this discussion into the 
following lemma in a form that is more convenient for us to apply. 

Lemma 3.1. Let R = C[xi,.., x^]// for a proper ideal I. Let m G Spec(P) he a closed point 
and let Vj be an irreducible component of the variety V = V{I) which contains m. Suppose that 
dim rm(Spec(P)) = dim Vj, then m is a smooth point of the scheme Spec(P), Vj is the unique 
irreducible component ofV which contains m, and the isolated component Qj of L which defines 
Vj is a prime ideal. 

Proof. Let Qj be the isolated component of / which defines Vj and let Rj = C[xi, ...,Xn]/Qj. 
Then m G Spec(Pj) C Spec(P). As we always have 

dim rm(Spec(P)) > dim Pm = dim (Pj)m = dim Rj = dim Rj /(0) = dim Vj, 
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the assumption dim Txn{Spec{R)) = dim Vj implies the equality dim Tn,(Spec(i?)) = dim 
and thus all the conclusions of the lemma follow from the discussion preceding the lemma. <C> 

Remark 3.2. Recall that every element (j) G Aut(C) induces an action on C[ti, x^]- If 
in the above lemma the ideal I is defined over Q, then every element (p G Aut(C) will keep 
I invariant, sending isolated components of I to isolated components, and sending scheme 
reduced components Qj (i.e. Qj = \/Qj is prime) of I to scheme reduced components. Hence 
the Aut(C)-orbit of a scheme reduced isolated component of I is a set of scheme reduced isolated 
components of I whose intersection is an ideal defined over Q. 

3.2. Character scheme. Given a hnitely presented group F, let 2t(r) be the universal SL 2 {C) 
representation ring o/F, which is a finitely generated C-algebra (as given by [LM, Proposition 
1.2], replacing GLn there by SL 2 and k there by C). The SL 2 {C) representation scheme iH(F) 
of F is defined to be the scheme Spec(2l(F)), i.e. 1H(F) = Spec(2l(F)). The set of closed points 
of 91(F) can be identified with the SL 2 {C) representation variety i?(F) of F. The coordinate 
ring C[i?(F)] of R{T) can be obtained as the quotient of 21(F) by its nilradical -\/(0), i.e. 

C[R(F)]=2t(F)/^/M. 

Induced by the matrix conjugation, the group SL 2 {C) acts naturally on 21(F). Let 

iB(F) = 2l(F)^-^2(C) 

be the subring of invariant elements of 21(F) under this action, which is Hnitely-generated as a C- 
algebra (by the Hilbert-Nagata theorem). Then 9S(F) is called the universal SL 2 {C) character 
ring of F and the scheme 

T(F) := Spec(9S(F)) 

is called the SL 2 {C) character scheme o/F. The set of closed points of X(F) can be identified 
with the character variety A(F) of F and the coordinate ring C[A(F)] of A(F) is iB(F) divided 
by its zero radical, i.e. 

C[A(F)] = 9S(F)/yM. 

Let p G 91(F) = Spec(2t(F)) be a closed point. Then identified as a point in R{T), p : F—)-5L2(C) 
is a SL2{C) representation of F. Similarly the character Xp £ -^(r) of p G R(F) shall also be 
considered as a closed point in the character scheme T(F) = Spec(*B(F)). Let sl 2 {C) be the 
Lie algebra of SL 2 {C), Ad : SL 2 {C)^Aut{sl 2 {C)) the adjoint representation, and sl 2 {C)p the 
F-module sl 2 {C) given by Ado p : F—)-Aut(s^ 2 (C)). Then a fundamental observation made in 
[W] states that the space of group 1-cocycles Z^(r,sl 2 {C)p) of F with coefficients in sl 2 {C)p is 
naturally isomorphic to the Zariski tangent space Tp(91(F)) of the scheme 91(F) at the point 
p, and when p is an irreducible representation and is a smooth point of 91(F), the group 1- 
cohomology H^{T, 5^2 (C)p) is isomorphic to the Zariski tangent space Txp (X(F)) of the scheme 
X(F) at the point Xp (cf [LM]). 

For a compact manifold W we use 2l(IT), iB(VF), 9l(VF) and XiW) to denote 2l(7ri(IT)), 
*B(7ri(VF)), 91(711 (VF)) and X(7ri(VF)) respectively. When M is a hyperbolic knot manifold, let 


CHARACTER VARIETIES, AJ CONJECTURE 


16 


C X{M) = Spec(!B(M)) be the counterpart of X^^{M) C X{M), that is, is 

the union of the components of X{M) corresponding to the C-components of X'^^{M). 

Proposition 3.3. Let M he a hyperbolic knot manifold. Then is essentially reduced. 


Proof. Let Xp be the character of a discrete faithful representation of 7 ri(M) and let Xi be a 
C-component of X{M) containing Xp- By a result of Thurston, dim Xi = 1. It is also known 
that dim H^{7ri{M), sl 2 {C)p) = 1 (see [P]). Since p is an irreducible representation, the 1- 
coboundary 5 ^ 2 (C)p) is 3-dimensional and thus the dimension of Z^( 7 ri(M), 5 / 2 (C)p) 

is 4 which is equal to the dimension of the C-component Ri of R{M) which maps onto Xi under 
the canonical surjective regular map tr : R{M)^X{M). That is we have dim Tp{y{{M)) = 
dim Z^( 7 ri(M), s/ 2 (C)p)) = dim Ri which means by Lemma 3.1 that p is a smooth point of 
the scheme In turn we have dim T^p{X{M)) = dim sl 2 {C)p) = dim Xi 

which means by Lemma 3.1 again that Xp is a smooth point of the scheme X{M), that Xp is 
contained in a unique irreducible component Xi of X{M) which is the scheme counterpart of 
the component Xi and that Xi is reduced. By Remark 3.2, the Aut(C)-orbit of Xi consists of 
reduced components. As X’^®(M) consists of such orbits, each of its components is reduced. 0 

If M is the exterior of a knot in its set of abelian representations form a unique component 
Ro of R{M) and dim Rq = 3. In fact Rq is isomorphic, as a variety, to 5^2 (C). The image 
Xq of i?o ill X{XI) under the quotient map tr is a component of X{M) and dim Xq = 1. The 
proof of the following proposition is due to Joan Porti. 

Proposition 3.4. Let M he the exterior of a knot in and let Xq be the unique irreducible 
component of X{M) corresponding to Xq. Then Xq is reduced. 


Proof. Note that the meridian element p generates the first homology of Hi{M; Z) = Z. Thus 
an abelian representation p of tti{M) is determined by the matrix p{p). Now take a diagonal 

representation p of tti{M) and assume that p{p) ~ ^ ^ ^-1 ^ such that 9k / ±1 and 9k^ is 

not a root of the Alexander polynomial of K. As dim Xq = 1, we just need to show, by Lemma 
3.1, that for the diagonal representation p given above, we have dim r^,(x(M)) = 1 . 


It is shown in the proof of [HP, Lemma 4.8] that H^{'Ki{M),sl 2 {C)p) = iL^(7ri(M), Cq) where 

Co = C ^ ^ ^ is a trivial 7 ri(M)-module. Hence dim H^{'Ki{M),sl 2 {C)p) = 1. For 

the given diagonal representation p, i?^( 7 ri(M), s^ 2 (C)p) is two dimensional. Hence we have 
dim sl 2 {LT)p) = 3, which implies that the representation p is a smooth point of 

Xl(M) since the component Rq = tr“^(Aio) is of dimension 3. 


Now by [Si, Theorem 53 (3)], we have 


dim T^,(X(M)) = dim Tq{H\tti{M), shiC)p)//Sp) 
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where Sp is, in our current case, the group of diagonal matrices and it acts on 5 ^ 2 (C)p, 

in our current case, trivially (as the cohomology sl 2 {C)p) = i/^(7ri(M), Cq) is real¬ 
ized by cocycles taking values in diagonal matrices). Thus dim sl 2 {C)p)//Sp) = 

dim = 1. 0 

Combining Propositions 3.3 and 3.4, we have 

Corollary 3.5. Let M he the exterior of a hyperbolic knot in such that 
Then X{M) is essentially reduced. 

4. Proof of Theorem 1.5 - a reduction 

In this section we briefly review some background material and give an outline of the approach 
taken in [LT], from which we can specify the issues that we need to deal with in order to extend 
[LT, Theorem 1] to our current theorem, that is, we reduce Theorem 1.5 to Proposition 4.1. 

4.1. Recurrence polynomial. For a knot K in let JK,n{t) G denote the n-colored 

Jones polynomial of K with the zero framing, which is the sZ 2 -quantum invariant of the knot 
colored by the n-dimensional representations [RT]. We use the normalization so that for the 
unknot t/, 

^2n _ 

Ju,n{t) = ^2 _ f-2 ■ 

By defining ■= —JK,n{t) and Jxfi = 0, one may treat JK,n{t) as a discrete function 


The quantum torus 

T = C[t=^^] /{£.m-t‘^m£.) 

acts on the set of all functions / : Z —)■ by 

mf:=t^V, (£/)(t):=/(n + l). 

Now the set 

:= {o G T I aJK,n(^) = 0}, 

is obviously a left ideal of T, called the recurrence ideal of K. By [GL] is not the zero 
ideal for every knot K in S"^. The ring T can be extended to a principal left ideal domain T 
by adding inverses of all polynomials in t and 9Jt. The extended left ideal Ak '■= TAk is then 
generated by a single nonzero polynomial in T, which can be chosen to be of the form 

m 

ayi{t,mx) = '^ai{t,m)s.\ 

i=0 

with smallest total degrees in £ and with ao(t, 9k),..., am(i, ®l) G Z[t,9k] being coprime 
in Z[t,9k]. The polynomial aK(C^)-2) is uniquely determined up to a sign and is called the 
recurrence polynomial of K. When the framing of K is 0, then JK,n{t) G (see eg. 

[Lei], with our t equal to there). From here, it is not difficult to show that aK(t, 9Jt, £) has 
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only even powers in t and even powers in Tl, i.e. G (see [Le3, Proposition 5.6]. 

It follows that aK(l,9Il, £) = aK(—1, Strt, £)• 

Now the AJ-conjecture asserts that for every knot K in S^, Q!k(± 1, 3J1,-2) is equal to the A- 
polynomial of K, up to a factor of a polynomial in M, see [G] and also [FGL, Le2, LT, Le3]. 

4.2. Kauffman bracket skein module. For an oriented 3-manifold W, we let S{W) denote 
the Kauffman bracket skein module of W over which is the quotient module of the free 

C[t^^]-module generated by the set of isotopy classes of framed links in W modulo the well 
known Kauffman skein relations, see e.g. [PS, Le2, LT]. A fundamental fact is that when 5(iy) 
is specialized at t = —1 (which we denote by s(VF), i.e. 5{W) = S{W)/{t + 1)), it acquires a 
ring structure and is naturally isomorphic as a ring to the universal character ring of 7ri(VF), 
i.e. 

5{W) = IB(VF). 

So s(iy)/Y^(0y is isomorphic to the coordinate ring of X{W) (see [B] [PS]). For the exterior 
M of a knot K in S^, we shall simply write S for S{M) and s for s(M). 

If F is an oriented surface, we define S{F) := S{F x [0,1]). Then S{F) has a natural algebra 
structure, where the product of two framed links Li, L 2 is obtained by placing Li atop L 2 . For 
a torus T^, 5(T^) can be identified, as an C[t^^]-algebra, with 

r-:= {/€T;u(/) = /} 

where a : T^T is the involution defined by a{DJl) = 911“^ and it(£) = (see [FG]). 

If M is the exterior of knot K in S^, there is a natural map 
(4.2.1) 0 : S{dM) = = S{M) 

induced by the inclusion dM ^ M. Then V := ker(Q) is called the quantum peripheral ideal 
of K and by [FGL] and [G2], V C .Ak (see also [LT, Corollary 1.2]). 


4.3. Dual contruction of A-polynomial. On the other hand, there is a dual construction of 
the A-polynomial of a knot K in S^. Let t := C[9}t^^, £^^], which is the function ring of (C^)^, 
and let G := {/ G i;a{f) = /}, which is the function ring of X[dM). The restriction map 
i* : X{M)^X{dM) induces a ring homomorphism between coordinate rings 

(4.3.1) 9 : C[X{dM)] = G^C[X(M)]. 

Let p := ker{9), which is called the classical peripheral ideal of the knot K. Now extend t 
naturally to the principal ideal domain t := C(9Jt)[£^^] where C(9Jl) is the fractional field of 
C[9Jl]. Then the extended ideal p := tp of p in t is generated by a single polynomial which can 
be normalized to be of the form 

m 

i=0 
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with smallest total degree and with bo{M),bm{^) £ Z[m] being coprime in Z[2R]. So £) 

is uniqnely defined up to a sign. The polynomial i?K(®h-2) is called the B-polynomial of K and 
is equal to the ^-polynomial divided by its 9Jl-factor (see [LT, Corollary 2.3]). 

Note that the universal character ring of dM is reduced, so we have s(9M) = C[dM] = 
Specializing (4.2.1) at t = —1, we get 

(4.3.2) e : = 5{M) 

in which the map 9 is the same one given in (4.3.1). 


4.4. Localized skein module and reduction of Theorem 1.5. Note that the inclusion 
map dM C M also induces a left S{dM) = T'^-module structure on 5 = S{M). Let D := 
:= {/ G D]a{f) = /} where a is the involution defined by cr(9Jt) = and 
D the localization of H at (1 -|- t), i.e. 

D-.= {f/g-J,g&D,gi{l + t)D]. 


Then we may consider S, as well as , as a left L>°^-modules as is contained in . Now 
let 


(r A S) := (T" 


0 


5)(8)£»<tH, (t 


Ts):= (t“ 




1. C(OT). 


We shall consider 5 as a left H-module and call it the localized skein module of M. The following 
commutative diagram: 


r 


0 


5 


e 


e 


9 I 
t-► s 

is obtained in [LT] as Lemma 3.2, where the vertical maps are the natural projections A4—?-A4/(t+ 
1), for Ai = B and Ai = S. We claim that the proof of Theorem 1.5 can be reduced to the 
proof of the following proposition: 


Proposition 4.1. Let M be the exterior of a hyperbolic knot in S^. If = X"'^{M) (or 

equivalently, X'^^[M) = X^^^{M)), and the two discrete faithful characters of X{M) lie in the 
same component of X{M), then 

(1) the ring s is reduced, and 

(2) the map 9 is surjective. 


Assuming Proposition 4.1, we may finish the proof of Theorem 1.5 as follows. By Condition 
(1) of Theorem 1.5, we have Proposition 4.1. Combining Proposition 4.1 with Condition (3) of 
Theorem 1.5, we may apply [LT, Corollary 3.6] to have 

aK(-l,91i,£)lBK(OT,£) G Z[ai^,£]. 

Condition (1) of Theorem 1.5 and Proposition 2.7 together imply Ak( 011, £) = (£ —l)AK(S!Jt, £) = 
Bk(OT,£) and AK(9li,£) are balanced-irreducible in Z[ot^,£]. It’s known that L — 1 is a factor 
aK(—1,®1, £) ([Le2, Proposition 2.3]). By Condition (2) of Theorem 1.5 and [LT, Lemma 3.9] 
we know that the £-degree of q;k(— 1,3k)-C) is greater than or equal to 2. As aK(—l)3)i, £) 
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is also balanced (see the lemma below) and its coefficients are all integers, the polynomial 
Sk(—:= aK(—1,h)/(h — 1) is also balanced, belongs to and has £-degree 

> 1. Since aK(—£) divides Ay^{T{,£.) which is balanced-irreducible in Z[2R^,£], the two 
polynomials must be equal (up to sign). Hence aK(—1,31, £) = Ak{M,£,) (up to sign). 

Lemma 4.2. Let a;f(t, 31, £) be the normalized recurrence polynomial of a knot K in S^. Then 
aif(—1,31, £) is a balanced polynomial. 

Proof. By [G2, Theorem 1.4], the recurrence (left) ideal .Ak of K is invariant under the invo¬ 
lution a of the quantum torus T defined by cr(3l) = 31“^,cr(£) = £“^. Hence (T(aK(L 31, £)) = 
aK(l, 31“^, £“^) is contained in A-k- Suppose the £-degree of aK(L31, £) is m. Then using the 
relation £31 = t^31£, one can easily see that there is a monomial t^“31^£™', for some integers a, 6, 
with b > 0, such that t^“31^£™'aK(l, 31“^, £“^) is contained in Z[t, 31, £] of £-degree m with rela¬ 
tively prime coefficients with respect to the variable £. It follows that t^“31^£™'aK(t,31“^,£“^) 
is also a generator of Ak and by the unique normalized form of such generator, we have 

^2agji6£m^K(t,31-\£-l) = aK(t,31,£) 

up to sign. Hence 31^£”^aK(—1,31“^,£“^) = aK(—1,31,£) up to sign, i.e. aK(—1,31,£) is 
balanced. 0 


5. Proof of Proposition 4.1 

Under the assumptions of Proposition 4.1, we know, by Corollary 3.5, that the character scheme 
X{M) is essentially reduced, i.e. the universal character ring iB(M) is essentially reduced. We 
may assume that 

^{M)=C[xi,...,Xn]/I 

where I is an ideal C[xi,..., We may also assume that the ideal I has an irredundant 
primary decomposition 

m 

^ ~ 3 

3=0 

such that Qo,Qi, ■■■,Qk are the isolated components of I, Qk+i,...,Qm embedded compo¬ 
nents, with Qq defining the abelian component Xq of X[M), Qi,...,Qk defining the com¬ 
ponents Xi,...,Xfc of X'^^{M) respectively. We have that Qo, Qi, Qfc are prime ideals. As 
Xq, Xi,Xk are all 1-dimensional, the zero locus of each Qj,j = k + l,...,m, is a point, 
and thus = Pj is a maximal ideal, i.e. for some point (ai, ...,an) in Xq U Xi U ... U X^, 

Pj — ( 3^1 ai, 3Cn 0‘n')- 

Let Rn = C[xi, ...,Xtt\. Then !B(M) = Rn/T We may assume that the coordinate x = xi 
in *B(M) = C[xi, ...,Xn]/ 1 represents the function x : T(M)—)-C given by x{xp) = trace{p{fj.)) 
where /r is a meridian of 7ri(M). Let S = C[x] \ {0}, which is a multiplicative subset of C[x]. 
If A4 is a C[x]-module, let S~^A4 denote the localization of A4 with respect to S. Note that 
every ideal J in is a C[x]-module and so is Rn/J- 
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Lemma 5.1. For j > k we have 

S-^Qj = S-^Rn. 

Proof. For j > k, Pj = {xi — ai,... ,Xn — cin) is a maximal ideal. Since Qj is primary and 
= Pj, we have P^ C Qj for some integer d > 0. It follows that {x — aiY S Qj. Since 
(x — oi)'^ G S, we have 1 G S~^Qj. Hence S~^Qj = S~^Rn. <) 

Hence S~^I = njLo^~^Qj = 0^=0As Qj, j < k, are prime, S~^I = r\’j=oS~^Qj is 
a prime decomposition of the ideal S~^I in S~^Rn. Therefore S~^{Rn/I) = S~^Rn/S~^I is a 
reduced ring. By definition, 

S~^{Rn/I) = ®(M) (8)c[x] c(x) = s (8)c[x] C(t) = s ®c[OT+OT-i] + ^~^)- 
Taking tensor product of this with C(2R), we have 

(s (8)c[,,,] C(a:)) (g)c(x) C(iOT) = s <8)c[OT±i]- ® 

which is still reduced. This proves part (1) of Proposition 4.1. 

From the above proof, we also get 

S ®C[x] C(x) = C[X(M)] (8)c[j,] C(x) 

because C[X{M)] = Rn/I' with P = Q{j=QQj S~^I = S~^I'. The restriction of the 
function x on Xi is nonconstant and thus is non-constant on Xj for each j = 1,..., k. It is easy 
to see that x is also non-constant on Xq. Hence a similar proof as that of [LT, Lemma 3.8] 
shows that 

k 

C[X{M)] ®cN C(x) = ^C[Xj] ®cN C(x). 

j=0 

Note that C[Xj] ®c[a;] C{x) is isomorphic to the field of rational functions on Xj for each 
j = 0,1..., fc, (by [LT, Lemma 3.7]). 

Recall that t* : X{M) —)• X{dXI) is the restriction map which induces the ring homomorphism 
6 : C{X{dM)\ —?> C[X{M)]. Also recall that Yj is the Zariski closure of P{Xj) in X(dM), 
j = 0,1,..., k. As x is non-constant on each Yj, C[l^] (8)c[x] C(x) is isomorphic to the held of 
rational functions on Yj for each j = 0,1..., k. By Theorem 1.2, l* : Xj^Yj is a birational 
isomorphism for each j = l,...,k. When j = 0, P : Xq^Yq is also a birational isomorphism, 
which is an elementary fact. Hence the map l* induces an isomorphism 

C[Yj] ®c[x] C{x)^C[Xj] (g)c[x] C{x) 

for each j = 0,1,..., k. As Yj, j = 0,1,..., k, are distinct curves in X{dM) by Theorem 1.2, t* 
induces the isomorphism 

k k 

©CKI ®C[x] C(x)—^^C[A'j] 'S>cix] C(t) — C[X{M)] (g)c[3,] C(x) 

j=0 j=0 

which implies that the map 

C[X{dM)] C(x)^C[X(M)] ®cN C(x) 
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induced by i* is surjective since loUbiU- • -Ulfc is a subvariety of X{dM). Taking tensor product 
of this map with C(9Jt) over C(x) and noting that C[X{dM)] = and C[X{M)] (8ic[x] C(t) = 
•5 <8>c[a;] C(x), we get the map 

(5.0.1) t C(9Jl) ys C(9k) 

which is still surjective. Now one can check that (5.0.1) is precisely the map 

6 : 1 — 5 - 5 . 

Part (2) of Proposition 4.1 is proved. 

6. Proof of Theorem 1.6 

Let M be the exterior of a hyperbolic 2-bridge knot in S^. We call a character xp £ X{M) (resp. 
Xp € X{M)) dihedral if it is the character of a dihedral representation i.e. a representation whose 
image is a dihedral group (resp. a binary dihedral group). It was shown in [T, Section 5.3] (see 
also [BB, Appendix A]) that any dihedral character of X{M) (and of X{M)) is a smooth point 
and thus is contained in a unique C-component of X{M) (resp. X{M)). It was also shown in 
[T, Section 5.3] that every C-component of X^^^{M) contains a dihedral character. 

Since a dihedral character of X"^'^ [M) is real valued, it is a fixed point of the r-action (the 
complex conjugation action given in Subsection 2.1). It follows that every C-component of 
[M] is invariant under the r-action. Hence in particular the two discrete faithful characters 
of X[M) are contained in the same C-component of X{M). 

By [BZ3, Lemma 5.5 (3)], any dihedral character in X{M) is a fixed point of the e-action (recall 
its definition in Subsection 2.4). It follows that every C-component of X''^'^{M) is invariant under 
the e-action, as well as the r-action, which implies that all the four discrete faithful characters 
of X{M) are contained in the same C-component of X{M), say X\. Therefore X^^{M) is the 
Aut(C)-orbit of Xi and thus is Q-irreducible. 
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